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THE ROLE OF THE SCALAR CURVATURE IN SOME
SINGULARLY PERTURBED COUPLED ELLIPTIC SYSTEMS ON
RIEMANNIAN MANIFOLDS
MARCO GHIMENTI, ANNA MARIA MICHELETTI, AND ANGELA PISTOIA
Abstract. Given a 3-dimensional Riemannian manifold (M,g), we investi-
gate the existence of positive solutions of the Klein-Gordon-Maxwell system{
−ε2∆gu+ au = up−1 + ω2(qv − 1)2u in M
−∆gv + (1 + q2u2)v = qu2 in M
and Schro¨dinger-Maxwell system{
−ε2∆gu+ u+ ωuv = up−1 in M
−∆gv + v = qu2 in M
when p ∈ (2, 6). We prove that if ε is small enough, any stable critical point ξ0
of the scalar curvature of g generates a positive solution (uε, vε) to both the
systems such that uε concentrates at ξ0 as ε goes to zero.
1. Introduction
Let (M, g) be a smooth compact, boundaryless 3−dimensional Riemannian man-
ifold.
Given real numbers ε > 0, a > 0, q > 0, ω ∈ (−√a,√a) and 2 < p < 6,
we consider the following singularly perturbed electrostatic Klein-Gordon-Maxwell
system
(1)

−ε2∆gu+ au = up−1 + ω2(qv − 1)2u in M
−∆gv + (1 + q2u2)v = qu2 in M
u, v > 0
and the Schro¨dinger-Maxwell system
(2)

−ε2∆gu+ u+ ωuv = up−1 in M
−∆gv + v = qu2 in M
u, v > 0
KGM systems and SM systems provide a model for the description of the inter-
action between a charged particle of matter u constrained to move on M and its
own electrostatic field v.
The Schro¨dinger-Maxwell and the Klein-Gordon-Maxwell systems have been ob-
ject of interest for many authors.
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In the pioneering paper [6] Benci-Fortunato studied the following Schro¨dinger-
Maxwell system { −∆u+ u+ ωuv = 0 in Ω ⊂ R3 or in R3
−∆v = γu2 u = v = 0 on ∂Ω
Regarding the system in a semiclassical regime
(3)
{ −ε2∆u+ u+ ωuv = f(u) in Ω ⊂ R3 or in R3
−∆v = γu2 u = v = 0 on ∂Ω,
(here ε is a positive parameter small enough) Ruiz [34] and D’Aprile-Wei [13] showed
the existence of a family of radially symmetric solutions respectively for Ω = R3
or a ball. D’Aprile-Wei [14] also proved the existence of clustered solutions in the
case of a bounded domain Ω in R3. Ghimenti-Micheletti [21] give an estimate on
the number of solutions of (3).
Moreover, when ε = 1 we have results of existence and nonexistence of solutions
for pure power nonlinearities f(v) = |v|p−2v, 2 < p < 6 or in presence of a more
general nonlinearity (see [1, 2, 3, 5, 11, 24, 25, 33, 36]). In particular, Siciliano [35]
proves an estimate on the number of solution for a pure power nonlinearity when
p is close to the critical exponent.
Klein-Gordon-Maxwell systems are widely studied in physics and in mathemati-
cal physics (see for example [10, 18, 26, 28, 29]). In this setting, there are results of
existence and non existence of solutions for subcritical nonlinear terms in a bounded
domain Ω (see [4, 7, 8, 9, 12, 15, 16, 17, 32]).
As far as we know, the first result concerning the Klein-Gordon systems on
manifold is due to Druet-Hebey [19]. They prove uniform bounds and the existence
of a solution for the system (1) when ε = 1, a is positive function and the exponent
p is either subcritical or critical, i.e. p ∈ (2, 6]. In particular, the existence of
a solution in the critical case, i.e. p = 6, is obtained provided the function a
is suitable small with respect to the scalar curvature of the metric g. Recently,
Ghimenti-Micheletti [20] give an estimate on the number of low energy solution for
the system (1) in terms of the topology of the manifold.
In this paper, we show that the existence and the multiplicity of solutions of
both systems (1) and (2) in the subcritical case when ε is small enough is strictly
related to the geometry of the manifold (M, g). More precisely, we prove that the
number of solutions to (1) or (2) is affected by the number of stable critical points
of the scalar curvature Sg of the metric g. Indeed, our result reads as follows.
Theorem 1. Assume K is a C1-stable critical set of Sg. Then there exists ε¯ > 0
such that for any ε ∈ (0, ε¯) the KGM system (1) and the SM system (2) have a
solution (uε, vε) such that uε concentrates at a point ξ0 ∈ K as ε goes to 0. More
precisely, there exists a point ξε ∈M such that if ε goes to zero ξε → ξ0 ∈ K
uε −Wε,ξε → 0 in H1g (M), vε → 0 in H1g (M)
where the function Wε,ξε is defined in (17).
We recall the the definition of C1-stable critical set.
Definition 2. Let f ∈ C1(M,R). We say that K ⊂ M is a C1-stable critical set
of f if K ⊂ {x ∈M : ∇gf(x) = 0} and for any µ > 0 there exists δ > 0 such that,
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if h ∈ C1(M,R) with
max
dg(x,K)≤µ
|f(x)− h(x)| + |∇gf(x) −∇gh(x)| ≤ δ,
then h has a critical point ξ with dg(ξ,K) ≤ µ. Here dg denotes the geodesic
distance associated to the Riemannian metric g.
It is easy to see that if K is the set of the strict local minimum (or maximum)
points of f , then K is a C1-stable critical set of f . Moreover, if K consists of
nondegenerate critical points, then K is a C1-stable critical set of f .
By Theorem 1 we deduce that multiplicity of solutions of (1) and (2) is strictly
related to stable critical points of the scalar curvature. At this aim, it is useful to
point out that Micheletti-Pistoia [31] proved that, generically with respect to the
metric g, the scalar curvature Sg is a Morse function on the manifold M. More
precisely, they proved
Theorem 3. Let M k be the set of all Ck Riemannian metrics on M with k ≥ 3.
The set
A =
{
g ∈ M k : all the critical points of Sg are non degenerate
}
is a open dense subset of M k.
Then generically with respect to the metric g, the critical points of the scalar
curvature Sg are nondegenerate, in a finite number and at least P1(M) where Pt(M)
is the Poincare´ polynomial of M in the t variable. Therefore, we can conclude as
follows.
Corollary 4. Generically with respect to the metric g, if ε is small enough the
KGM system (1) and the SM system (2) have at least P1(M) positive solutions
(uε, vε) such that uε concentrates at one nondegenerate critical point of the scalar
curvature Sg as ε goes to 0.
The proof of our results relies on a very well known Ljapunov-Schmidt reduction.
In Section 2 we recall some known results, we write the approximate solution, we
sketch the proof of the Ljapunov Schmidt procedure and we prove Theorem 1. In
Section 3 we reduce the problem to a finite dimensional one, while in Section 4
we study the reduced problem. In Appendix A we give some important estimates.
All the proofs are given for the system (1), but it is clear that up some minor
modifications they also hold true for the system (2).
2. Preliminaries and scheme of the proof of Theorem 1
2.1. The function Ψ. First of all, we reduce the system to a single equation. In
order to overcome the problems given by the competition between u and v, using
an idea of Benci and Fortunato [7], we introduce the map Ψ : H1g (M) → H1g (M)
defined by the equation
(4) −∆gΨ(u) + Ψ(u) + q2u2Ψ(u) = qu2.
It follows from standard variational arguments that Ψ is well-defined in H1g (M) as
soon as λ := a− ω2 > 0, i.e. ω ∈]−√a,+√a[.
By the maximum principle and by regularity theory is not difficult to prove that
(5) 0 < Ψ(u) < 1/q for all u in H1g (M).
Moreover, it holds true that
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Lemma 5. The map Ψ : H1g (M) → H1g (M) is C1 and its differential Ψ′(u)[h] =
Vu[h] at u is the map defined by
(6) −∆gVu[h] + Vh[h] + q2u2Vu[h] = 2qu(1− qΨ(u))h for all h ∈ H1g (M).
Also, we have
0 ≤ Ψ′(u)[u] ≤ 2
q
Lemma 6. The map Θ : H1g (M)→ R given by
Θ(u) =
1
2
ˆ
M
(1− qΨ(u))u2dµg
is C1 and
Θ′(u)[h] =
ˆ
M
(1− qΨ(u))2uhdµg for any u, h ∈ H1g (M)
For the proofs of these results we refer to [19].
Now, we introduce the functionals Iε, Jε, Gε : H
1
g(M)→ IR
(7) Iε(u) = Jε(u) +
ω2
2
Gε(u),
where
(8) Jε(u) :=
1
ε3
ˆ
M
[
1
2
ε2|∇gu|2 + λ
2
u2 − F (u)
]
dµg
and
(9) Gε(u) :=
1
ε3
q
ˆ
M
Ψ(u)u2dµg.
Here F (u) := 1p (u
+)
p
, so that F ′(u) = f(u) := (u+)p−1. By Lemma 6 we deduce
that
1
2
G′ε(u)[ϕ] =
1
ε3
ˆ
M
[q2Ψ2(u)− 2qΨ(u)]uϕdµg,
so
I ′ε(u)ϕ =
1
ε3
ˆ
M
ε2∇gu∇gϕ+ auϕ− (u+)p−1ϕ− ω2(1 − qΨ(u))2uϕdµg.
Therefore, if u is a critical point of the functional Iε we have
(10) − ε2∆gu+ (a− ω2)u + ω2qΨ(u)(2− qΨ(u))u = (u+)p−1 in M.
In particular, if u 6= 0 by the maximum principle and by the regularity theory we
have that u > 0. Thus the pair (u,Ψ(u)) is a solution of Problem (1). Finally, the
problem is reduced to find a solution to the single equation (10).
THE ROLE OF THE SCALAR CURVATURE IN SYSTEMS ON RIEMANNIAN MANIFOLDS 5
2.2. Setting of the problem. In the following we denote by Bg(ξ, r) the geodesic
ball in M centered in ξ with radius r and by B(x, r) the ball in R3 centered in x
with radius r.
It is possible to define a system of coordinates on M called normal coordi-
nates. We denote by gξ the Riemannian metric read in B(0, r) ⊂ IR3 through
the normal coordinates defined by the exponential map expξ at ξ. We denote
|gξ(z)| := det (gij(z)) and
(
gijξ (z)
)
is the inverse matrix of gξ(z). In particular,
it holds
(11) gijξ (0) = δij and
∂gijξ
∂zk
(0) = 0 for any i, j, k.
Here δij denotes the Kronecker symbol.
We denote by
‖u‖2g :=
ˆ
M
(|∇gu|2 + u2) dµg and |u|qg := ˆ
M
|u|qdµg
the standard norms in the spaces H1g (M) and L
q(M).
Let Hε be the Hilbert space H
1
g(M) equipped with the inner product
〈u, v〉ε :=
1
ε3
ε2 ˆ
M
∇gu∇gvdµg + λ
ˆ
M
uvdµg
 ,
which induces the norm
‖u‖2ε :=
1
ε3
ε2 ˆ
M
|∇g|2dµg + λ
ˆ
M
u2dµg
 .
Let Lqε be the Banach space L
q
g(M) equipped the norm
|u|q,ε :=
 1
ε3
ˆ
M
|u|qdµg
1/q .
It is clear that for any q ∈ [2, 6) the embedding Hε →֒ Lqε is a continuous map.
It is not difficult to check that
(12) |u|q,ε ≤ c ‖u‖ε , for any u ∈ Hε,
where the constant c does not depend on ε.
In particular, the embedding iε : Hε →֒ Lpε is a compact continuous map. The
adjoint operator i∗ε : L
p′
ε → Hε, p′ := pp−1 , is a continuous map such that
u = i∗ε(v) ⇔ 〈i∗ε(v), ϕ〉ε =
1
ε3
ˆ
M
vϕ, ϕ ∈ Hε ⇔ −ε2∆gu+u = v onM, u ∈ H1g(M).
Moreover
‖i∗ε(v)‖ε ≤ c|v|p′,ε, for any v ∈ Lp
′
ε ,
where the constant c does not depend on ε.
We can rewrite problem (10) in the equivalent way
(13) u = i∗ε
[
f(u) + ω2g(u)
]
, u ∈ Hε,
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where we set
(14) g(u) :=
(
q2Ψ2(u)− 2qΨ(u))u.
2.3. An approximation for the solution. It is well known (see [22, 27]) that
there exists a unique positive spherically symmetric function U ∈ H1(IRN ) such
that
(15) −∆U + λU = Up−1 in IRN .
Moreover, the function U and its derivatives are exponentially decaying at infinity,
namely
(16) lim
|x|→∞
U(|x|)|x|N−12 e|x| = c > 0, lim
|x|→∞
U ′(|x|)|x|N−12 e|x| = −c.
Let χr be a smooth cut-off function such that χr(z) = 1 if z ∈ B(0, r/2),
χr(z) = 0 if z ∈ IR3 \B(0, r), |∇χr(z)| ≤ 2/r and |∇2χr(z)| ≤ 2/r2 where r is the
injectivity radius of M. Fixed a point ξ ∈ M and ε > 0 let us define on M the
function
(17)
Wε,ξ(x) := Uε
(
exp−1ξ (x)
)
χr
(
exp−1ξ (x)
)
if x ∈ Bg(ξ, r), Wε,ξ(x) := 0 if x ∈M\Bg(ξ, r),
where we set Uε(z) := U
(
z
ε
)
.
We will look for a solution to (13) or equivalently to (10) as uε := Wε,ξ + φ,
where the rest term φ belongs to a suitable space which will be introduced in the
following.
It is well known that every solution to the linear equation
−∆ψ + λψ = (p− 1)Up−2ψ in IR3
is a linear combination of the functions
ψi(z) :=
∂U
∂zi
(z), i = 1, 2, 3.
Let us define on M the functions
(18)
Ziε,ξ(x) := ψ
i
ε
(
exp−1ξ (x)
)
χr
(
exp−1ξ (x)
)
if x ∈ Bg(ξ, r), Ziε,ξ(x) := 0 if x ∈M\Bg(ξ, r),
where we set ψiε(z) := ψ
i
(
z
ε
)
. Let us introduce the spacesKε,ξ := span
{
Z1ε,ξ, Z
2
ε,ξ, Z
3
ε,ξ
}
and
K⊥ε,ξ :=
{
φ ∈ Hε :
〈
φ, Ziε,ξ
〉
ε
= 0, i = 1, 2, 3
}
. Finally, let Πε,ξ : Hε → Kε,ξ and
Π⊥ε,ξ : Hε → K⊥ε,ξ be the orthogonal projections.
In order to solve problem (13) we will solve the couple of equations
Π⊥ε,ξ
{
Wε,ξ + φ− i∗ε
[
f (Wε,ξ + φ) + ω
2g (Wε,ξ + φ)
]}
= 0(19)
Πε,ξ
{
Wε,ξ + φ− i∗ε
[
f (Wε,ξ + φ) + ω
2g (Wε,ξ + φ)
]}
= 0.(20)
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2.4. Scheme of the proof of Theorem 1. The first step is to solve equation (19).
More precisely, if ε is small enough for any fixed ξ ∈ M , we will find a function
φ ∈ Π⊥ε,ξ such that (19) holds.
First of all, we define the linear operator Lε,ξ : K
⊥
ε,ξ → K⊥ε,ξ by
Lε,ξ(φ) := Π
⊥
ε,ξ {φ− i∗ε [f ′ (Wε,ξ)φ]} .
In Proposition 3.1 of [30] we proved the invertibility of Lε,ξ.
Proposition 7. There exists ε0 > 0 and c > 0 such that for any ξ ∈ M and for
any ε ∈ (0, ε0)
‖Lε,ξ(φ)‖ε ≥ c‖φ‖ε for any φ ∈ K⊥ε,ξ.
Secondly, in Lemma 3.3 of [30] we estimated the error term Rε,ξ defined by
(21) Rε,ξ := Π
⊥
ε,ξ {i∗ε [f (Wε,ξ)]−Wε,ξ} .
Proposition 8. There exists ε0 > 0 and c > 0 such that for any ξ ∈ M and for
any ε ∈ (0, ε0) it holds
‖Rε,ξ‖ε ≤ cε2.
Finally, we use a contraction mapping argument to solve equation (19). This is
done in Section 3
Proposition 9. There exists ε0 > 0 and c > 0 such that for any ξ ∈M and for any
ε ∈ (0, ε0) there exists a unique φε,ξ = φ(ε, ξ) which solves equation (19). Moreover
(22) ‖φε,ξ‖ε ≤ cε2.
Finally, ξ → φε,ξ is a C1−map.
The second step is to solve equation (20). More precisely, for ε small enough we
will find the point ξ in M such that equation (20) is satisfied.
Let us introduce the reduced energy I˜ε : M → IR defined by
I˜ε(ξ) := Iε (Wε,ξ + φε,ξ) ,
where the energy Iε whose critical points are solution to problem (10) is defined in
(7).
First of all, arguing exactly as in Lemma 4.1 of [30] we get
Proposition 10. ξε is a critical point of I˜ε if and only if the function uε =Wε,ξε +
φε,ξε is a solution to problem (10).
Thus, the problem is reduced to search for critical points of I˜ε whose asymptotic
expansion is given in Section 4 and reads as follows.
Proposition 11. It holds true that
(23) I˜ε (ξ) = c1 + c2ε
2 − c3Sg(ξ)ε2 + o
(
ε2
)
,
C1−uniformly with respect to ξ as ε goes to zero. Here Sg(ξ) is the scalar curvature
of M at ξ and ci’s are constants.
Finally, we can prove Theorem 1 by showing that I˜ε has a critical point in M .
Proof of Theorem 1. IfK is a C1-stable critical set of the scalar curvature ofM (see
Definition 2), by Proposition 11, we deduce that if ε is small enough the function
I˜ε has a critical point ξε such that ξε → ξ0 as ε goes to zero. The claim follows by
Proposition 10. 
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3. The finite dimensional reduction
This section is devoted to the proof of Proposition 9.
First, we remark that equation (19) is equivalent to
(24) Lε,ξ(φ) = Nε,ξ(φ) + Sε,ξ(φ) +Rε,ξ,
where
(25) Nε,ξ(φ) := Π
⊥
ε,ξ {i∗ε [f (Wε,ξ + φ)− f (Wε,ξ)− f ′ (Wε,ξ)φ]} ,
(26) Sε,ξ(φ) := ω
2Π⊥ε,ξ
{
i∗ε
[
q2Ψ2 (Wε,ξ + φ)− 2qΨ(Wε,ξ + φ) (Wε,ξ + φ)
]}
and Rε,ξ is defined in (21). In order to solve equation (24), we need to find a fixed
point for the operator Tε,ξ : K
⊥
ε,ξ → K⊥ε,ξ defined by
Tε,ξ(φ) := L
−1
ε,ξ (Nε,ξ(φ) + Sε,ξ(φ) +Rε,ξ) .
We are going to prove that Tε,ξ is a contraction map on suitable ball of Hε.
In Proposition 8 we estimate the error term Rε,ξ, while in Proposition 3.5 of [30],
we estimated the higher order term Nε,ξ(φ).
Lemma 12. There exists ε0 > 0, c > 0 such that for any ξ ∈ M, ε ∈ (0, ε0) and
r > 0 it holds true that
‖Nε,ξ(φ)‖ε ≤ c‖φ‖2ε if p ≥ 3, ‖Nε,ξ(φ)‖ε ≤ c‖φ‖p−1ε if 2 < p < 3
and
‖Nε,ξ(φ1)−Nε,ξ(φ2)‖ε ≤ ℓε‖φ1 − φ2‖ε
provided φ, φ1, φ2 ∈
{
φ ∈ Hε : ‖φ‖ε ≤ rε2
}
. Here ℓε → 0 while ε→ 0
It only remains to estimate the term Sε,ξ(φ).
Lemma 13. There exists ε0 > 0, c > 0 such that for any ξ ∈ M, ε ∈ (0, ε0) and
r > 0 it holds true that
(27) ‖Sε,ξ(φ)‖ε ≤ cε2
and
(28) ‖Sε,ξ(φ1)− Sε,ξ(φ2)‖ε ≤ ℓε‖φ1 − φ2‖ε
provided φ, φ1, φ2 ∈
{
φ ∈ Hε : ‖φ‖ε ≤ rε2
}
. Here ℓε → 0 while ε→ 0
Proof. Let us prove (27). By Remark 2.2 in [30] it follows that
‖Sε,ξ(φ)‖ε ≤ c
∣∣Ψ2 (Wε,ξ + φ) (Wε,ξ + φ)∣∣ε,p′ + |Ψ(Wε,ξ + φ) (Wε,ξ + φ)|ε,p′ .
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By Lemma 19 we have
|Ψ(Wε,ξ + φ) (Wε,ξ + φ)|ε,p′
=
 1
ε3
ˆ
M
|Ψ(Wε,ξ + φ)|p
′ |Wε,ξ + φ|p
′
1/p
′
≤ c 1
ε3/p′
ˆ
M
|Ψ(Wε,ξ + φ)|p
1/p (|Wε,ξ + φ| pp−2) p−2p
≤ c 1
ε3/p′
‖Ψ(Wε,ξ + φ)‖H1g |Wε,ξ + φ| pp−2 ,g
≤ c 1
ε3/p′
(
ε
5
2 + ‖φ‖2H1g
)(
ε3
p
p−2 + ‖φ‖H1g
) (
because ‖u‖H1g ≤
√
ε‖u‖ε
)
≤ c 1
ε3/p′
(
ε
5
2 + ε‖φ‖2ε
)(
ε3
p
p−2 +
√
ε‖φ‖ε
) (
because ‖φ‖ε ≤ rε2
)
≤ c ε
5
ε3/p′
.
By Lemma 19 and the previous estimate we deduce the following∣∣Ψ2 (Wε,ξ + φ) (Wε,ξ + φ)∣∣ε,p′ ≤ cε2,
and then (27) follows.
Let us prove (28). By Remark 2.2 in [30] it follows that
‖Sε,ξ(φ1)− Sε,ξ(φ2)‖ε
≤ c |[Ψ (Wε,ξ + φ1)−Ψ(Wε,ξ + φ2)]Wε,ξ|ε,p′ + c
∣∣[Ψ2 (Wε,ξ + φ1)−Ψ2 (Wε,ξ + φ2)]Wε,ξ∣∣ε,p′
+ c |Ψ(Wε,ξ + φ1)φ1 −Ψ(Wε,ξ + φ2)φ2|ε,p′ + c |Ψ(Wε,ξ + φ1)φ1 −Ψ(Wε,ξ + φ2)φ2|ε,p′
=: I1 + I2 + I3 + I4.
By Remark 18 and Lemma 20 we have for some θ ∈ (0, 1):
Ip
′
1 =
1
ε3
ˆ
M
|Ψ′ (Wε,ξ + θφ1 + (1− θ)φ2) (φ1 − φ2)|p
′
|Wε,ξ|p
′
≤ 1
ε3
ˆ
M
|Ψ′ (Wε,ξ + θφ1 + (1− θ)φ2) (φ1 − φ2)|p
p
′/pˆ
M
|Wε,ξ|
p′p
p−p′

p−p′
p
≤ cε
3p−p
′
p
ε3
(
ε2 + ‖φ1‖H1g + ‖φ2‖H1g
)p′
‖φ1 − φ2‖p
′
H1g(
because ‖φi‖H1g ≤
√
ε‖φi‖ε ≤ cε5/2
)
≤ cε(2− 3p)p′ (√ε)p′ ‖φ1 − φ2‖p′ε .
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By Lemma 19 and the estimate of I1 we have
Ip
′
2 =
1
ε3
ˆ
M
|Ψ(Wε,ξ + θφ1) + Ψ (Wε,ξ + θφ2)|p
′ |Ψ(Wε,ξ + θφ1)−Ψ(Wε,ξ + θφ2)|p
′ |Wε,ξ|p
′
≤ c
(
ε3/2 + ‖φ1‖2H1g + ‖φ2‖
2
H1g
)p′
ε(2−
3
p )p
′ (√
ε
)p′ ‖φ1 − φ2‖p′ε(
because ‖φi‖H1g ≤
√
ε‖φi‖ε ≤ cε5/2
)
≤ cε 32p′ε(2− 3p )p′ (√ε)p′ ‖φ1 − φ2‖p′ε ,
By Lemma 19 and Lemma 20 we have
Ip
′
3 ≤
1
ε3
ˆ
M
|Ψ′ (Wε,ξ + θφ1 + (1− θ)φ2) (φ1 − φ2)|p
′
|φ1|p
′
+
1
ε3
ˆ
M
|Ψ(Wε,ξ + θφ2)|p
′ |φ1 − φ2|p
′
≤ c 1
ε3
ˆ
M
|Ψ′ (Wε,ξ + θφ1 + (1 − θ)φ2) (φ1 − φ2)|p
p
′/pˆ
M
|φ1|
p′p
p−p′

p−p′
p
+ c
1
ε3
ˆ
M
|φ1 − φ2|p
p
′/pˆ
M
|Ψ(Wε,ξ + φ2)|
p′p
p−p′

p−p′
p
≤ c 1
ε3
(
ε2 + ‖φ1‖H1g + ‖φ2‖H1g
)p′
‖φ1 − φ2‖p
′
H1g
‖φ1‖p
′
H1g
+ c
1
ε3
(
ε5/2 + ‖φ2‖2H1g
)p′
‖φ1 − φ2‖p
′
H1g(
because ‖φi‖H1g ≤
√
ε‖φi‖ε ≤ cε5/2
)
≤ cε 52p′−3‖φ1 − φ2‖ε
and
Ip
′
4 ≤
1
ε3
ˆ
M
∣∣Ψ2 (Wε,ξ + φ1)∣∣p′ |φ1 − φ2|p′
+
1
ε3
ˆ
M
|Ψ(Wε,ξ + φ1) + Ψ (Wε,ξ + φ2)|p
′ |Ψ′ (Wε,ξ + θφ1 + (1− θ)φ2) (φ1 − φ2)|p
′
|φ2|p
′
≤ c 1
ε3
(
ε3/2 + ‖φ1‖2H1g
)p′ (
ε5/2 + ‖φ1‖2H1g
)p′
‖φ1 − φ2‖p
′
H1g
+ c
1
ε3
(
ε3/2 + ‖φ1‖2H1g + ‖φ2‖
2
H1g
)p′ (
ε2 + ‖φ1‖H1g + ‖φ2‖H1g
)p′
‖φ2‖p
′
H1g
‖φ1 − φ2‖p
′
H1g(
because ‖φi‖H1g ≤
√
ε‖φi‖ε ≤ cε5/2
)
≤ cε4p′−3‖φ1 − φ2‖ε
Collecting the estimates of Ii’s we get (28).

Proof of Proposition 9 (completed). By Proposition 7, we deduce
‖Tε,ξ(φ)‖ε ≤ c
(‖Nε,ξ(φ)‖ε + ‖Sε,ξ(φ)‖ε + ‖Rε,ξ‖ε)
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and
‖Tε,ξ(φ1)− Tε,ξ(φ2)‖ε ≤ c ‖Nε,ξ(φ1)−Nε,ξ(φ2)‖ε + c ‖Sε,ξ(φ1)− Sε,ξ(φ2)‖ε .
By Lemma 12 and Lemma 13 together with Proposition 8, we immediately deduce
that Tε,ξ is a contraction in the ball centered at 0 with radius cε
2 in K⊥ε,ξ for a
suitable constant c. Then Tε,ξ has a unique fixed point.
In order to prove that the map ξ → φε,ξ is a C1−map, we apply the Implicit
Function Theorem to the C1−function G :M ×Hε → Hε defined by
G(ξ, u) := Π⊥ε,ξ
{
Wε,ξ +Π
⊥
ε,ξu− i∗ε
[
f
(
Wε,ξ +Π
⊥
ε,ξu
)
+ ω2g
(
Wε,ξ +Π
⊥
ε,ξu
)]}
+Πε,ξu.
Indeed, G (ξ, φε,ξ) = 0 and the linearized operator
∂G
∂u (ξ, φε,ξ) : Hε → Hε defined
by
∂G
∂u
(ξ, φε,ξ) (u) = Π
⊥
ε,ξ
{
Π⊥ε,ξ(u)− i∗ε
[
f ′ (Wε,ξ + φε,ξ)Π
⊥
ε,ξ(u) + ω
2g′ (Wε,ξ + φε,ξ)Π
⊥
ε,ξ(u)
]}
+Πε,ξ(u)
is invertible, provided ε is small enough. For any φ with ‖φ‖ε ≤ cε2 it holds true
that∥∥∥∥∂G∂u (ξ, φε,ξ) (u)
∥∥∥∥
ε
≥ c ‖Πε,ξ(u)‖ε + c
∥∥Π⊥ε,ξ {Π⊥ε,ξ(u)− i∗ε [f ′ (Wε,ξ + φε,ξ)Π⊥ε,ξ(u) + ω2g′ (Wε,ξ + φε,ξ)Π⊥ε,ξ(u)]}∥∥ε
≥ c ‖Πε,ξ(u)‖ε + c
∥∥Lε,ξ (Π⊥ε,ξ(u))∥∥ε
−c
∥∥Π⊥ε,ξ {i∗ε [(f ′ (Wε,ξ + φε,ξ)− f ′ (Wε,ξ))Π⊥ε,ξ(u)]}∥∥ε
−c ∥∥Π⊥ε,ξ {i∗ε [ω2g′ (Wε,ξ + φε,ξ)Π⊥ε,ξ(u)]}∥∥ε
≥ c ‖Πε,ξ(u)‖ε + c
∥∥Π⊥ε,ξ(u)∥∥ε − cε2min{p−2,1} ∥∥Π⊥ε,ξ(u)∥∥ε − cε3− 3p′ ∥∥Π⊥ε,ξ(u)∥∥ε
≥ c ‖u‖ε .
Indeed, at page 246 of [30] we proved that∥∥Π⊥ε,ξ {i∗ε [(f ′ (Wε,ξ + φε,ξ)− f ′ (Wε,ξ))Π⊥ε,ξ(u)]}∥∥ε
≤ c
(
‖φ‖p−2ε + ‖φ‖ε
) ∥∥Π⊥ε,ξ(u)∥∥ε .
Moreover we have
∥∥Π⊥ε,ξ {i∗ε [ω2g′ (Wε,ξ + φε,ξ)Π⊥ε,ξ(u)]}∥∥ε
≤ c ∣∣(Wε,ξ + φε,ξ) (2q − 2q2Ψ(Wε,ξ + φε,ξ))Ψ′ (Wε,ξ + φε,ξ) [Π⊥ε,ξ(u)]∣∣ε,p′
+c
∣∣[2qΨ(Wε,ξ + φε,ξ)− q2Ψ2 (Wε,ξ + φε,ξ)]Π⊥ε,ξ(u)∣∣ε,p′
= I1 + I2,
by Lemma 20 we get
I1 ≤ 1
ε
3
p′
|Wε,ξ + φε,ξ|g,6
∣∣Ψ′ (Wε,ξ + φε,ξ)Π⊥ε,ξ(u)∣∣g,6 ∣∣2q − 2q2Ψ(Wε,ξ + φε,ξ)∣∣g, 3−p′
3p′
≤ c 1
ε
3
p′
(
√
ε
(
1
ε3
ˆ
M
W 6ε,ξ
) 1
6
+ ‖φ‖H1g
)(
ε2 + ‖φ‖H1g
)∥∥Π⊥ε,ξu∥∥H1g
≤ c 1
ε
3
p′
ε3
∥∥Π⊥ε,ξu∥∥ε
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and by Lemma 19 we get
I2 ≤ 1
ε
3
p′
∣∣Π⊥ε,ξu∣∣g,6 |Ψ(Wε,ξ + φε,ξ)|g,6 ∣∣2q − q2Ψ(Wε,ξ + φε,ξ)∣∣g, 3−p′
3p′
≤ c 1
ε
3
p′
(
ε
5
2 + ‖φ‖2ε
) ∥∥Π⊥ε,ξu∥∥H1g ≤ c 1ε 3p′ ε 52√ε ∥∥Π⊥ε,ξu∥∥ε .
That concludes the proof. 
4. The reduced energy
This section is devoted to the proof of Proposition 11.
The first important result is the following one.
Lemma 14. It holds true that
(29)
I˜ε(ξ) = Iε (Wε,ξ + φε,ξ) = Iε (Wε,ξ) + o
(
ε2
)
= Jε (Wε,ξ) +
ω2
2
Gε (Wε,ξ) + o
(
ε2
)
uniformly with respect to ξ as ε goes to zero.
Moreover, setting ξ(y) = expξ(y), y ∈ B(0, r) it holds true that(
∂
∂yh
I˜ε(ξ(y))
)
|y=0
=
(
∂
∂yh
Iε
(
Wε,ξ(y) + φε,ξ(y)
))
|y=0
=
(
∂
∂yh
Iε
(
Wε,ξ(y)
))
|y=0
+ o
(
ε2
)
=
(
∂
∂yh
Jε
(
Wε,ξ(y)
))
|y=0
+
ω2
2
(
∂
∂yh
Gε
(
Wε,ξ(y)
))
|y=0
+ o
(
ε2
)
(30)
uniformly with respect to ξ as ε goes to zero.
Proof. We argue exactly as in Lemma 5.1 of [30], once we prove the the following
estimates:
Gε (Wε,ξ + φε,ξ)−Gε (Wε,ξ) = o(ε2)(31)
[G′ε (Wε,ξ0 + φε,ξ0)−G′ε (Wε,ξ0)]
[(
∂
∂yh
Wε,ξ(y)
)
|y=0
]
= o(ε2)(32)
and
G′ε
(
Wε,ξ(y) + φε,ξ(y)
) [ ∂
∂yh
φε,ξ(y)
]
= o(ε2)(33)
Let us prove (31). We have (for some θ ∈ [0, 1])
Gε (Wε,ξ + φε,ξ)−Gε (Wε,ξ)
=
1
ε3
ˆ
M
[
Ψ(Wε,ξ + φε,ξ) (Wε,ξ + φε,ξ)
2 −Ψ(Wε,ξ) (Wε,ξ)2
]
=
1
ε3
ˆ
M
Ψ′ (Wε,ξ + θφε,ξ) [φε,ξ] (Wε,ξ)
2 +
1
ε3
ˆ
M
Ψ(Wε,ξ + φε,ξ)
[
2φε,ξWε,ξ + φ
2
ε,ξ
]
=: I1 + I2
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with
I1 ≤ 1
ε3
ˆ
M
[Ψ′ (Wε,ξ + θφε,ξ)]
2
1/2 1
ε3
ˆ
M
W 4ε,ξ
1/2 ε3/2
≤ c 1
ε3/2
‖Ψ′ (Wε,ξ + θφε,ξ) [φε,ξ]‖H1g (because of Lemma 20)
≤ c 1
ε3/2
(
ε2‖φ‖H1g + ‖φ‖2H1g
) (
because ‖φε,ξ‖H1g ≤
√
ε‖φε,ξ‖ε ≤ cε5/2
)
= o(ε2)
and
I2 ≤ 1
ε3
ˆ
M
(Ψ (Wε,ξ + φε,ξ) [φε,ξ])
2
1/2ˆ
M
φ4ε,ξ
1/2
+
1
ε3
ˆ
M
[Ψ (Wε,ξ + φε,ξ)]
3
1/3ˆ
M
φ3ε,ξ
1/3 1
ε3
ˆ
M
W 3ε,ξ
1/3 ε
≤ c 1
ε3
‖Ψ(Wε,ξ + φε,ξ)‖H1g ‖φε,ξ‖
2
H1g
+ c
1
ε2
‖Ψ(Wε,ξ + φε,ξ)‖H1g ‖φε,ξ‖H1g(
because of Lemma 19 and the fact that ‖φε,ξ‖H1g ≤
√
ε‖φε,ξ‖ε ≤ cε5/2
)
≤ cε5+ 52−3 + cε 52+ 52−2 = o(ε2).
Then (31) follows.
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Let us prove (32). We have (for some θ ∈ [0, 1])
[G′ε (Wε,ξ0 + φε,ξ0 )−G′ε (Wε,ξ0 )]
[(
∂
∂yh
Wε,ξ(y)
)
|y=0
]
≤
∣∣∣∣∣∣ q2ε3
ˆ
M
{
[2Ψ (Wε,ξ0 + φε,ξ0 )−Ψ(Wε,ξ0 )]−
[
qΨ2 (Wε,ξ0 + φε,ξ0)− qΨ2 (Wε,ξ0)
]}
Wε,ξ0
(
∂
∂yh
Wε,ξ(y)
)
|y=0
∣∣∣∣∣∣
+
∣∣∣∣∣∣ q2ε3
ˆ
M
[
2Ψ (Wε,ξ0 + φε,ξ0 )− qΨ2 (Wε,ξ0 + φε,ξ0)
]
φε,ξ0
(
∂
∂yh
Wε,ξ(y)
)
|y=0
∣∣∣∣∣∣
≤
∣∣∣∣∣∣ q2ε3
ˆ
M
2Ψ′ (Wε,ξ0 + θφε,ξ0 ) (φε,ξ0 )Wε,ξ0
(
∂
∂yh
Wε,ξ(y)
)
|y=0
∣∣∣∣∣∣
+
∣∣∣∣∣∣q
2
ε3
ˆ
M
Ψ(Wε,ξ0 + θφε,ξ0 )Ψ
′ (Wε,ξ0 + θφε,ξ0 ) (φε,ξ0)Wε,ξ0
(
∂
∂yh
Wε,ξ(y)
)
|y=0
∣∣∣∣∣∣
+
∣∣∣∣∣∣ qε3
ˆ
M
Ψ(Wε,ξ0)φε,ξ0
(
∂
∂yh
Wε,ξ(y)
)
|y=0
∣∣∣∣∣∣
+
∣∣∣∣∣∣ q2ε3
ˆ
M
Ψ′ (Wε,ξ0) (φε,ξ0 )φε,ξ0
(
∂
∂yh
Wε,ξ(y)
)
|y=0
∣∣∣∣∣∣
+
∣∣∣∣∣∣ q
2
2ε3
ˆ
M
Ψ2 (Wε,ξ0)φε,ξ0
(
∂
∂yh
Wε,ξ(y)
)
|y=0
∣∣∣∣∣∣
=: I1 + I2 + I3 + I4 + I5.
By Lemma 20 and the facts that
∥∥φε,ξ(y)∥∥H1g = O (ε5/2) and Remark 18 we get
I1 ≤ c1
ε
ˆ
M
[Ψ′ (Wε,ξ0 + θφε,ξ0) (φε,ξ0)]
3
1/3 1
ε3
ˆ
M
W 3ε,ξ0
1/3 1
ε3
ˆ
M
[(
∂
∂yh
Wε,ξ(y)
)
|y=0
]31/3
(we use (6.3) of [30])
≤ cε7/2
ˆ
M
[
3∑
k=1
∣∣∣∣1ε ∂U(z)∂zk χ(εz) + ∂χ(εz)∂zk U(z)
∣∣∣∣ ∣∣δhk + ε2|z|2∣∣
]31/3 = O (ε5/2) = o(ε2).
By the estimate of I1 we get I2 = o(ε
2), because of Lemma 19 and we also get
I4 = o(ε
2),because ‖φε,ξ0‖H1g = O
(
ε5/2
)
. Let us estimate I3. We use the definition
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of v˜ε given in Lemma 21 and we get
I3 =
∣∣∣∣∣∣∣
1
ε3
ˆ
Bg(ξ0,R)
Ψ(Wε,ξ0 ) (φε,ξ0)
(
∂
∂yh
Wε,ξ(y)
)
|y=0
∣∣∣∣∣∣∣
≤ c
ˆ
B(0,R/ε)
|v˜ε(z)|
∣∣∣φ˜ε,ξ0(z)∣∣∣ | 3∑
k=1
∣∣∣∣1ε ∂U(z)∂zk χ(εz) + ∂χ(εz)∂zk U(z)
∣∣∣∣ ∣∣δhk + ε2|z|2∣∣ dz
≤ c
 ˆ
B(0,R/ε)
φ˜2ε,ξ0(z)

1/2ε4 ˆ
B(0,R/ε)
v˜2ε(z)
ε4
[
3∑
k=1
∣∣∣∣1ε ∂U(z)∂zk χ(εz) + ∂χ(εz)∂zk U(z)
∣∣∣∣ ∣∣δhk + ε2|z|2∣∣
]2
dz

1/2
(
because
v˜2ε(z)
ε4 → γ weakly in L6
)
= o(ε2).
Here we used the fact that (see (6.3) of [30]) the function φ˜ε,ξ0 (z) := φε,ξ0
(
expξ0(εz)
)
=
φε,ξ0(x) can be estimated as
‖φε,ξ0‖2ε ≥
1
ε3
ˆ
Bg(ξ0,R)
(
ε2|∇gφε,ξ0 |2 + φ2ε,ξ0
)
dµg =
=
1
ε3
ˆ
B(0,R/ε)
 3∑
i,j=1
ε2gij(εz)
∂φ˜ε,ξ0
∂zi
∂φ˜ε,ξ0
∂zj
+ φ˜2ε,ξ0
 |g(εz)|1/2dz
≥ c
ˆ
B(0,R/ε)
φ˜2ε,ξ0 (z)dz
which implies ˆ
B(0,R/ε)
φ˜2ε,ξ0 (z)dz = O
(‖φε,ξ0‖2ε) = O (ε4) .
By the estimate of I3 we get I5 = o(ε
2), because of Lemma 19.
Let us prove (33). We have (for some θ ∈ [0, 1]) Arguing as in the proof of (5.10)
of [30], the proof of (33) reduces to the proof of the following estimate
1
ε3
ˆ
M
g
(
Wε,ξ(y) + φε,ξ(y)
) (
Wε,ξ(y) + φε,ξ(y)
)
Z lε,ξ(y) = o(ε
2),(34)
where the functions Z lε,ξ(y) are defined in (18). First of all we point out that
1
ε3
ˆ
M
Ψ
(
Wε,ξ(y)
)
Wε,ξ(y)Z
l
ε,ξ(y) = o(ε
2).(35)
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By Lemma 21 we have that
{
1
ε2
v˜ε,ξ
}
n
converges to γ weakly in L6(R3). So, arguing
as in the proof of (39) and using Lemma 21 we get
1
ε3
ˆ
M
Ψ
(
Wε,ξ(y)
)
Wε,ξ(y)Z
l
ε,ξ(y) =
1
ε3
ˆ
Bg(ξ,R)
Ψ
(
Wε,ξ(y)
)
Wε,ξ(y)Z
l
ε,ξ(y)
=
ˆ
B(0,R/ε)
v˜(z)χ2(εz)U(z)
∂U
∂zl
(z)dz =
1
2
ε2
ˆ
B(0,R/ε)
v˜(z)
ε2
χ2(εz)
∂U2
∂zl
dz =
=
1
ε2
ˆ
R3
γ
∂U2
∂zl
dz + o(ε2) = o(ε2).
because both U and γ are radially symmetric.
Therefore, by (35), using the definition of g in (14) we are lead to estimate (for
some θ ∈ [0, 1])
1
ε3
∣∣∣∣∣∣
ˆ
M
g
(
Wε,ξ(y) + φε,ξ(y)
) (
Wε,ξ(y) + φε,ξ(y)
)
Z lε,ξ(y) + 2q
ˆ
M
Ψ
(
Wε,ξ(y)
)
Wε,ξ(y)Z
l
ε,ξ(y)
∣∣∣∣∣∣
=
1
ε3
∣∣∣∣∣∣
ˆ
M
[
q2Ψ2
(
Wε,ξ(y) + φε,ξ(y)
)− 2qΨ (Wε,ξ(y) + φε,ξ(y))] (Wε,ξ(y) + φε,ξ(y))Z lε,ξ(y)
+2q
ˆ
M
Ψ
(
Wε,ξ(y)
)
Wε,ξ(y)Z
l
ε,ξ(y)
∣∣∣∣∣∣
≤ c 1
ε3
ˆ
M
∣∣∣Ψ2 (Wε,ξ(y) + φε,ξ(y)) (Wε,ξ(y) + φε,ξ(y))Z lε,ξ(y)∣∣∣
+c
1
ε3
ˆ
M
∣∣∣Ψ (Wε,ξ(y))φε,ξ(y)Z lε,ξ(y)∣∣∣
+c
1
ε3
ˆ
M
∣∣∣Ψ′ (Wε,ξ(y) + θφε,ξ(y)) (φε,ξ(y)) (Wε,ξ(y) + φε,ξ(y))Z lε,ξ(y)∣∣∣ = I1 + I2 + I3,
with
I1 ≤ 1
ε3
∣∣Ψ (Wε,ξ(y) + φε,ξ(y))∣∣2g,3 (∣∣Wε,ξ(y)∣∣g,3 + ∣∣φε,ξ(y)∣∣g,3) ∣∣∣Z lε,ξ(y)∣∣∣g,3
(we use Lemma 19)
≤ 1
ε3
∥∥Ψ (Wε,ξ(y) + φε,ξ(y))∥∥2H1g (∣∣Wε,ξ(y)∣∣g,3 + ∥∥φε,ξ(y)∥∥H1g) ∣∣∣Z lε,ξ(y)∣∣∣g,3(
we use that ‖φ‖H1g ≤
√
ε‖φ‖ε ≤ cε5/2,
∣∣Wε,ξ(y)∣∣g,3 = O(ε) and ∣∣∣Z lε,ξ(y)∣∣∣g,3 = O(ε)
)
= o(ε2),
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I2 ≤ 1
ε3
∥∥Ψ (Wε,ξ(y))∥∥H1g ∥∥φε,ξ(y)∥∥H1g ∣∣∣Z lε,ξ(y)∣∣∣g,3(
we use Lemma 19 and also that ‖φ‖H1g ≤
√
ε‖φ‖ε ≤ cε5/2 and
∣∣∣Z lε,ξ(y)∣∣∣
g,3
= O(ε)
)
= o(ε2)
and
I3 ≤ 1
ε3
∣∣Ψ′ (Wε,ξ(y) + θφε,ξ(y)) (φε,ξ(y))∣∣g,3 ∣∣Wε,ξ(y) + φε,ξ(y)∣∣g,3 ∣∣∣Z lε,ξ(y)∣∣∣g,3
≤ 1
ε3
∥∥Ψ′ (Wε,ξ(y) + θφε,ξ(y)) (φε,ξ(y))∥∥H1g (∣∣Wε,ξ(y)∣∣g,3 + ∥∥φε,ξ(y)∥∥H1g) ∣∣∣Z lε,ξ(y)∣∣∣g,3
(because of Lemma 20)
≤ 1
ε3
(
ε2 +
∥∥φε,ξ(y)∥∥H1g) ∥∥φε,ξ(y)∥∥H1g (∣∣Wε,ξ(y)∣∣g,3 + ∥∥φε,ξ(y)∥∥H1g) ∣∣∣Z lε,ξ(y)∣∣∣g,3(
we use that ‖φ‖H1g ≤
√
ε‖φ‖ε ≤ cε5/2,
∣∣Wε,ξ(y)∣∣g,3 = O(ε) and ∣∣∣Z lε,ξ(y)∣∣∣g,3 = O(ε)
)
= o(ε2).

Lemma 15. It holds true that
(36) Jε (Wε,ξ) = C − αε
2
6
Sg(ξ) + o
(
ε2
)
,
C1−uniformly with respect to ξ ∈M as ε goes to zero. Here
C :=
1
2
ˆ
IR3
|∇U |2dz − λ
2
ˆ
IR3
U2dz − 1
p
ˆ
IR3
Updz
and
α :=
ˆ
IR3
(
U ′(|z|)
|z|
)2
z41dz.
Proof. See Lemma (4.2) of [30]. 
Lemma 16. It holds true that
Gε(Wε,ξ) :=
1
ε3
ˆ
Bg(ξ,r)
Ψ(Wε,ξ)W
2
ε,ξdµg = βε
2 + o(ε2)
C1−uniformly with respect to ξ ∈M as ε goes to zero. Here
β =
ˆ
R3
γ(z)U2(z)dz =
1
q
ˆ
R3
|∇γ(z)|2dz
with γ ∈ D1,2(R3) such that −∆γ = qU2.
Proof. Step 1: the C0-estimate.
By the weak convergence of
{
1
ε2n
vεn,ξ
}
n
in L6(R3) we infer
Gεn(Wεn,ξ)
ε2n
=
ˆ
R3
v˜εn,ξ(z)
ε2n
χ2r(εn|z|)U2(z)|gξ(εnz)|1/2
=
ˆ
R3
vεn,ξ(z)
ε2n
χr(εn|z|)U2(z)|gξ(εnz)|1/2 →
ˆ
R3
γ(z)U2(z)dz.
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We have to prove that the convergence is uniform with respect to ξ ∈M .
By the expansions of |gξ(εz)|1/2 and χ(ε|z|), and by (47) we have
Gε(Wε,ξ)
ε2
=
ˆ
R3
v˜ε,ξ(z)
ε2
χ2r(ε|z|)U2(z)|gξ(εz)|1/2dz
=
1
q
ˆ
R3
v˜ε,ξ(z)
ε2
χ2r(ε|z|)qU2(z)dz +O(ε2)
= −1
q
ˆ
R3
v˜ε,ξ(z)
ε2
χ2r(ε|z|)∆γdz +O(ε2)(37)
= −1
q
ˆ
R3
(
∆
v˜ε,ξ(z)
ε2
)
χ2r(ε|z|)γdz +O(ε)
= −1
q
ˆ
R3
−
∑
ij
∂j
(
|gξ(εz)|1/2gijξ (εz)∂i
v˜ε,ξ(z)
ε2
)
χ2r(ε|z|)γdz +O(ε)
uniformly with respect to ξ as ε goes to zero.
By (48) and by the expansions of |gξ(εz)|1/2 and χ(ε|z|) we have
(38)∣∣∣∣Gε(Wε,ξ)ε2 −
ˆ
R3
U2γdz
∣∣∣∣ ≤ O(ε) + ∣∣∣∣ˆ
R3
U2(z)γ(z)[|gξ(εz)|1/2χ2r(ε|z|)− 1]dz
∣∣∣∣ ≤
+
1
q
∣∣∣∣ˆ
R3
|gξ(εz)|1/2
[
χ2r(ε|z|) + q2U2(z)χ4r(ε|z|)
]
v˜ε,ξ(z)γ(z)dz
∣∣∣∣ ≤
≤ O(ε) + 1
q
∣∣∣∣ˆ
R3
v˜ε,ξ(z)γ(z)
∣∣∣∣ ≤ O(ε)
uniformly with respect to ξ as ε goes to zero.
Step 2: the C1-estimate.
More precisely, if ξ(y) = expξ(y) for y ∈ B(0, r),. we are going to prove that
(39)
∂
∂yh
Gε(Wε,ξ(h))
∣∣∣∣
y=0
= o(ε2) uniformly with respect to ξ as ε goes to 0.
We have that
∂
∂yh
Gε(Wε,ξ)
∣∣∣∣
y=0
=
∂
∂yh
1
ε3
ˆ
M
Ψ(Wε,ξ(y))W
2
ε,ξ(y)
∣∣∣∣
y=0
dµg
=
1
ε3
ˆ
M
Ψ(Wε,ξ(y))2Wε,ξ(h)
(
∂
∂yh
Wε,ξ(h)
)∣∣∣∣
y=0
dµg
+
1
ε3
ˆ
M
W 2ε,ξ(h)Ψ
′(Wε,ξ(y))
[
∂
∂yh
Wε,ξ(h)
∣∣∣∣
y=0
]
dµg
We call I1(ε, ξ) and I2(ε, ξ) respectively the first and the second addendum of the
above equation.
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We recall that (see Section 6 of [30]) that
∂
∂yh
Wε,ξ(h)
∣∣∣∣
y=0
=
3∑
k=1
[
1
ε
∂U(z)
∂zk
χr(ε|z|) + U(z)∂χr(ε|z|)
∂zk
]
∂
∂yh
Ek(0, expξ(εz))(40)
∂
∂yh
Ek(0, expξ(εz)) = δhk +O(ε2|z|2)(41)
|gξ(εz)|1/2 = 1− ε
2
4
3∑
i,s,k=1
∂2gijξ (0)
∂zs∂zk
zszk +O(ε
3|z|3)(42)
Using the normal coordinates and the previous estimates we get
1
ε2
I1(ε, ξ) =
ˆ
R3
v˜ε,ξ(z)
ε2
2U(z)χr(ε|z|)|gξ(εz)|1/2×
×
{
3∑
k=1
[
1
ε
∂U(z)
∂zk
χr(ε|z|) + U(z)∂χr(ε|z|)
∂zk
]
∂
∂yh
Ek(0, expξ(εz))
}
dz.
By Lemma 21 we have that
{
1
ε2
v˜ε,ξ
}
n
converges to γ weakly in L6(R3), so we have
I1(ε, ξ) = 2ε
ˆ
R3
γU(z)U ′(z)
zh
|z|dz + o(ε
2).
Finally, we have that
ˆ
R3
γ(z)U(z)U ′(z)
zh
|z|dz = 0 because both γ and U are radially
symmetric on z.
At this point we have to prove the uniform convergence of I1(ε, ξ) with respect
to ξ ∈ M . We remark that, by (47) we have, for all k = 1, 2, 3, −∆ ∂
∂zk
γ(z) =
∂
∂zk
U2(z). Thus, by (40), (41), (42), we get
1
ε2
I1(ε, ξ) =
1
q
ˆ
R3
v˜ε,ξ(z)
ε2
χr(ε|z|)q
ε
∂U2(z)
∂zk
dz +O(ε)
= − 1
εq
ˆ
R3
v˜ε,ξ(z)
ε2
χr(ε|z|)∆
(
∂γ(z)
∂zk
)
dz +O(ε)
= − 1
εq
ˆ
R3
∆
(
v˜ε,ξ(z)
ε2
)
χr(ε|z|)∂γ(z)
∂zk
dz
+
1
q
ˆ
R3
∇
(
v˜ε,ξ(z)
ε2
)
χ′r(ε|z|)
z
|z|
∂γ(z)
∂zk
dz +O(ε)
Now we have that
1
q
∣∣∣∣ˆ
R3
∇
(
v˜ε,ξ(z)
ε2
)
χ′r(ε|z|)
z
|z|
∂γ(z)
∂zk
dz
∣∣∣∣ ≤∥∥∥∥ v˜ε,ξ(z)ε2
∥∥∥∥
D1,2(B(0,r/ε))
∥∥∥∥∂γ(z)∂zk dz
∥∥∥∥
D1,2(R3rB(0,r/2ε))
and the last term vanish uniformly in ξ when ε goes to zero because
∂γ(z)
∂zk
decays
exponentially with respect to |z|.
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Moreover, arguing as in (37) and in (38) we obtain
− 1
εq
ˆ
R3
∆
(
v˜ε,ξ(z)
ε2
)
χr(ε|z|)∂γ(z)
∂zk
dz
=
1
ε
ˆ
R3
U2(z)
∂γ(z)
∂zk
dz +O(ε) = −1
ε
ˆ
R3
∂
∂zk
[
U2(z)
]
γ(z)dz +O(ε)
and the last integral is zero because both U, γ and χr are radially symmetric.
By Equation (4), Lemma 5, and by (40), (41), (42), we have
I2(ε, ξ) =
1
qε3
ˆ
M
{−∆gΨ(Wε,ξ) + (1 + qW 2ε,ξ)Ψ(Wε,ξ)}Ψ′(Wε,ξ(y))
[
∂
∂yh
Wε,ξ(h)
∣∣∣∣
y=0
]
dµg
=
1
qε3
ˆ
M
Ψ(Wε,ξ)
{−∆gΨ′(Wε,ξ)[·] + (1 + qW 2ε,ξ)Ψ′(Wε,ξ(y)) [·]} dµg
=
1
qε3
ˆ
M
Ψ(Wε,ξ)
{
2qWε,ξ(1− qΨ(Wε,ξ))
[
∂
∂yh
Wε,ξ(h)
∣∣∣∣
y=0
]}
dµg =
= 2
ˆ
R3
|g(εz)|1/2v˜ε,ξ(z)U(z)χr(ε|z|)(1− qv˜ε,ξ(z))×
×
{
3∑
k=1
[
1
ε
∂U(z)
∂zk
χr(ε|z|) + U(z)∂χr(ε|z|)
∂zk
]
∂
∂yh
Ek(0, expξ(εz))
}
dz.
Again, by Lemma 21 and by (40), (41), (42), we have that
I2(ε, ξ) = 2ε
ˆ
R3
γU(z)U ′(z)
zh
|z|dz + o(ε
2) = o(ε2).
At this point we have to prove the uniform convergence of I2(ε, ξ) with respect
to ξ ∈M . By (40), (41) and (42) we have that
1
ε2
I2(ε, ξ) = 2
ˆ
R3
v˜ε,ξ(z)
ε2
U(z)χr(ε|z|)(1− qv˜ε,ξ(z))1
ε
∂U(z)
∂zk
dz +O(ε)
=
1
ε
ˆ
R3
v˜ε,ξ(z)
ε2
χr(ε|z|)∂U
2(z)
∂zk
dz − q
ε
ˆ
R3
v˜2ε,ξ(z)
ε2
χr(ε|z|)∂U
2(z)
∂zk
dz +O(ε)
and the last integral vanishes when ε goes to zero, because ‖v˜ε,ξ‖L6 ≤ ε2 uniformly
with respect to ξ. Thus
1
ε2
I2(ε, ξ) =
1
ε
ˆ
R3
v˜ε,ξ(z)
ε2
χr(ε|z|)∂U
2(z)
∂zk
dz + o(1)
and we can conclude exactly as for I1(ε, ξ). 
Remark 17. For every ϕ ∈ H1g we have
‖ϕ‖2H1g =
ˆ
M
|∇gϕ|2 + ϕ2dµg ≤
ˆ
M
|∇gϕ|2 + 1
ε
ϕ2dµg =
= ε
ˆ
M
1
ε
|∇gϕ|2 + 1
ε2
ϕ2dµg = ε‖ϕ‖2ε
Proof of Proposition 11. It follows from Lemma 14, Lemma 15 and Lemma 16. 
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Appendix A. Some key estimates
Remark 18. The following limits hold uniformly with respect to q ∈M .
lim
ε→0
1
ε3
|Wε,q|pp,g = |U |pp, 2 ≤ p ≤ 2∗
lim
ε→0
1
ε
|∇gWε,q |22,g = |∇U |22
Lemma 19. For any ϕ ∈ H1g (M) and for all ξ ∈M it holds
‖Ψ(Wε,ξ + ϕ)‖H1g ≤ c1ε5/2(1 + ‖ϕ‖2ε)
‖Ψ(Wε,ξ + ϕ)‖H1g ≤ c1(ε5/2 + ‖ϕ‖2H1g )
‖Ψ(Wε,ξ + ϕ)‖L∞ ≤ c2(ε3/2 + ‖ϕ‖2H1g )
where c1 and c2 are constants non depending on ξ and ε.
Proof. To simplify the notations we set v = Ψ(Wε,ξ + ϕ). By (4) we have
‖v‖2H1q ≤
ˆ
M
|∇gv|2 + v2 + q2(Wε,ξ + ϕ)2v2 = q
ˆ
(Wε,ξ + ϕ)
2v ≤
≤
(ˆ
M
v6
)1/6(ˆ
M
(Wε,ξ + ϕ)
12/5
)5/6
≤ c‖v‖H1g‖Wε,ξ + ϕ‖2L12/5g ≤
≤ c‖v‖H1g
(
‖Wε,ξ‖2L12/5g + ‖ϕ‖
2
L
12/5
g
)
We recall (see Remark 18) that
(43) lim
ε→0
1
ε3
|Wε,ξ|tt = |U |tt uniformly w.r.t. ξ ∈M.
Then we have
(44) ‖v‖H1g ≤ c(ε5/2 + |ϕ|212/5,g) ≤ c(ε5/2 + ‖ϕ‖2H1g ).
Also,
(45) ‖v‖H1g ≤ cε5/2(1 + |ϕ|212/5,ε) ≤ cε5/2
(
1 + ‖ϕ‖2ε
)
.
By (4) and by standard regularity theory (see [23, Th. 8.8]), we have that v ∈ H2g ,
and that ‖v‖H2g ≤ ‖v‖H1g + ‖(Wε,ξ + ϕ)2(1 − qv)‖L2g . By Sobolev embedding and
by (5) and (45) we get
‖v‖L∞ ≤ c‖v‖H2g ≤ c
{
‖v‖H1g + ‖(Wε,ξ + ϕ)2(1− qv)‖L2
}
≤
≤ c
{
‖v‖H1g + ‖Wε,ξ‖2L4 + ‖ϕ‖2L4
}
≤
≤ c
{
ε3/2 + ‖ϕ‖2H1g
}
(46)

Lemma 20. For any ξ ∈M and h, k ∈ H1g it holds
‖Ψ′(Wε,ξ + k)[h]‖H1g ≤ c
{
ε2‖h‖H1g + ‖h‖H1g‖k‖H1g
}
where the constant c does not depend on ξ and ε.
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Proof. We have, by (5) and by (6)
‖Ψ′(Wε,ξ + k)[h]‖2H1g = 2q
ˆ
M
(Wε,ξ + k)(1− qΨ(Wε,ξ + k))hΨ′(Wε,ξ + k)[h]−
−q2
ˆ
M
(Wε,ξ + k)
2(Ψ′(Wε,ξ + k)[h])
2 ≤
≤
ˆ
M
Wε,ξ|h| |Ψ′(Wε,ξ + k)[h]|+
ˆ
M
|k||h| |Ψ′(Wε,ξ + k)[h]|
We call each integral term respectively I1, I2, and we estimate each term separately.
We have
I1 ≤ ‖Ψ′(Wε,ξ + k)[h]‖L6g‖h‖L6g‖Wε,ξ‖L3/2g ≤ ε
2‖Ψ′‖H1g‖h‖H1g
I2 ≤ ‖k‖L3g‖h‖L3g‖Ψ′(Wε,ξ + k)[h]‖L3g ≤ ‖k‖H1g‖h‖H1g‖Ψ′‖H1g
that is our claim. 
Lemma 21. Let us consider the functions
v˜ε,ξ(z) =

Ψ(Wε,ξ)
(
expξ(εz)
)
for z ∈ B(0, r/ε)
0 for z ∈ R3 rB(0, r/ε)
Then there exists a constant c > 0 such that
‖v˜ε,ξ(z)‖L6(R3) ≤ cε2.
Furthermore, up to subsequences,
{
1
ε2
v˜ε,ξ
}
ε
converges weakly in L6(R3) as ε goes
to 0 to a function γ ∈ D1,2(R3). The function γ solves, in a weak sense, the
equation
(47) −∆γ = qU2 in R3
Proof. By definition of v˜ε,ξ(z) and by (4) we have, for all z ∈ B(0, r/ε),
(48) −
∑
ij
∂j
(
|gξ(εz)|1/2gijξ (εz)∂iv˜ε,ξ(z)
)
=
= ε2|gξ(εz)|1/2
{
qU2(z)χ2r(ε|z|)−
[
1 + q2U2(z)χ2r(ε|z|)
]
v˜ε,ξ(z)
}
By (48), and remarking that v˜ε,ξ(z) ≥ 0 we have
(49) ‖v˜ε,ξ(z)‖2D1,2(B(0,r/ε)) ≤ C
ˆ
B(0,r/ε)
|gξ(εz)|1/2gijξ (εz)∂iv˜ε,ξ(z)∂j v˜ε,ξ(z)dz =
= Cε2
ˆ
B(0,r/ε)
|gξ(εz)|1/2
{
qU2(z)χ2r(ε|z|)v˜ε,ξ(z)−
[
1 + q2U2(z)χ2r(ε|z|)
]
v˜2ε,ξ(z)
}
dz ≤
≤ Cε2
ˆ
B(0,r/ε)
|gξ(εz)|1/2qU2(z)χ2r(ε|z|)v˜ε,ξ(z)dz ≤
≤ Cε2q‖v˜ε,ξ(z)‖L6(B(0,r/ε))‖U‖2L12/5 ≤ Cε2‖v˜ε,ξ(z)‖D1,2(B(0,r/ε))
Thus we have
(50) ‖v˜ε,ξ(z)‖D1,2(B(0,r/ε)) ≤ Cε2 and ‖v˜ε,ξ(z)‖L6(R3) ≤ Cε2.
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By (50), if εn is a sequence which goes to zero, the sequence
{
1
ε2n
v˜εn,ξ
}
n
is bounded
in L6(R3). Then, up to subsequence,
{
1
ε2n
v˜εn,ξ
}
n
converges to some γ˜ ∈ L6(R3)
weakly in L6(R3). We have also that ‖v˜ε,ξ‖L2(R3) ≤ Cε. In fact, by Holder inequal-
ity
ˆ
B(0,r/ε)
v˜2ε,ξ ≤
(ˆ
B(0,r/ε)
v˜6ε,ξ
)1/3(ˆ
B(0,r/ε)
1
)2/3
≤ Cε4
(
r3
ε3
)2/3
≤ Cε2.
Moreover, by (48), for any ϕ ∈ C∞0 (R3), it holds
(51)
ˆ
supp ϕ
∑
ij
|gξ(εz)|1/2gijξ (εz)∂i
v˜ε,ξ(z)
ε2n
∂jϕ(z)dz =
ˆ
supp ϕ
{
qU2(z)χ2r(ε|z|)−
[
1 + q2U2(z)χ2r(ε|z|)
]
v˜ε,ξ(z)
} |gξ(εz)|1/2ϕ(z)dz.
Consider now the functions
vε,ξ(z) := Ψ(Wε,ξ)
(
expξ(εz)
)
χr(ε|z|) = v˜ε,ξ(z)χr(ε|z|) for z ∈ R3.
We have that
‖vε,ξ(z)‖2D1,2(R3) =
ˆ
|∇vε,ξ|2dz ≤ 2
ˆ
χ2r(ε|z|)|∇v˜ε,ξ(z)|2 + ε2|χ′r(ε|z|)|2v˜ε,ξ(z)2dz ≤
≤ c
(
‖v˜ε,ξ(z)‖2D1,2(B(0,r/ε)) + ε2‖v˜ε,ξ(z)‖2L2(R3)
)
≤ cε4.
Thus the sequence
{
1
ε2n
vεn,ξ
}
n
converges to some γ ∈ D1,2(R3) weakly in D1,2(R3)
and in L6(R3).
For any compact set K ⊂ R3 eventually vεn,ξ ≡ v˜εn,ξ on K. So it is easy to see
that γ˜ = γ.
We recall the Taylor expansions
|gξ(εz)|1/2 = 1 +O(ε2|z|2), and gijξ (εz) = δij +O(ε2|z|2),(52)
so, by (52), and by the weak convergence of
{
1
ε2n
vεn,ξ
}
n
in D1,2(R3), for any ϕ ∈
C∞0 (R
3) we get
(53)
ˆ
supp ϕ
∑
ij
|gξ(εnz)|1/2gijξ (εnz)∂i
v˜εn,ξ(z)
ε2n
∂jϕ(z)dz
=
ˆ
supp ϕ
∑
ij
|gξ(εnz)|1/2gijξ (εnz)∂i
vεn,ξ(z)
ε2n
∂jϕ(z)dz
→
ˆ
R3
∑
i
∂iγ(z)∂iϕ(z)dz as n→∞.
Thus by (51) and by (53) and because
{
1
ε2n
v˜εn,ξ
}
n
converges to γ weakly in L6(R3)
we get ˆ
R3
∑
i
∂iγ(z)∂iϕ(z)dz = q
ˆ
R3
U2(z)ϕ(z)dz for all ϕ ∈ C∞0 (R3).
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Thus, up to subsequences,
{
1
ε2n
v˜εn,ξ
}
n
converges to γ, weakly in L6(R3) and the
function γ ∈ D1,2(R3) is a weak solution of −∆γ = qU2 in R3. 
Remark 22. We remark that γ is positive radially symmetric and decays exponen-
tially at infinity with its first derivative because it solves −∆γ = qU2 in R3.
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